This paper tackles the problem of the quadric mirror estimation of omnidirectional imaging systems, as well as the poses of the camera relative to the mirror and to the world reference system. These estimates are obtained for quadric-shaped mirrors (including elliptic, parabolic, hyperbolic and spherical mirrors) where the position of the camera and mirror is unconstrained (fully non central configurations). The apparent contour of the mirror can be used to reduce the uncertainty in the estimation. Although it can enhance both the accuracy of the estimation (allowing the method to converge from farther initial configurations) and also its performance, its use is not strictly required. The intrinsic parameters of the camera model (pinhole or orthographic) are assumed to be known as well as the structure of a calibration object in local coordinates. The method is nonlinear and we use a genetic algorithm in conjunction with the Nelder-Mead simplex algorithm to minimize the objective function. Experimental results using real data are presented demonstrating the accuracy of this calibration method, comparing accuracy with and without the apparent contour and computing the reprojection error. As the mirror quadric is estimated, this method can also be used to identify and classify the mirror.
I. INTRODUCTION
Changing the direction of light rays has been used for several applications and particularly it has been widely used for imaging purposes, usually with the help of mirrors or lenses. Panoramic imaging systems are very popular for applications requiring wide field of views. The systems that use mirrors and cameras are called catadioptric and recently they have been studied and used in several applications. Amongst all catadioptric systems, the most useful are those made up of rotationally symmetric mirrors. From these the most used are those whose mirrors are quadrics.
Catadioptric cameras can be divided into two types depending on whether the projection is central or not. The projection is central if all light rays intersect at a unique point. This point is called the effective viewpoint. In the general case the optical center of the camera is the effective viewpoint to guarantee central projection. Particularly, it has been shown by Nayar and Baker [1, 2] that for quadric mirror catadioptric systems, the central projection can be obtained only for a particular position of the camera optical center, usually the focus of the quadric. However, for the general case and when this constraint is relaxed, the projection is non central which implies that the light rays do not intersect each other at a single viewpoint. In that case, they are all tangent to a surface called caustic. The caustic of an imaging system can then be defined as the envelope of all reflected light rays that are imaged by a camera [3] [4] [5] and so it uniquely determines the imaging system. For central cameras, the caustic degenerates in a point.
This issue can be relevant since the geometry of central projection systems is much simpler.
The projection model can be obtained in a closed form and generalized to all quadric mirror based systems. Geyer et al. [6, 7] and Barreto et al. [8] derived closed form expressions for central structure from motion basis. Ramalingam and Sturm [16] presented a generic method to calibrate any vision system based on the black box model. This method uses three images of a calibration pattern to recover the motion between the coordinate frames of the camera and of the objects.
Its application to omnidirectional cameras is presented in [17] and subsequent work in this field includes [18, 19] . Another approach to generalized cameras is proposed by Chen and Chang in [20] where they use an iterative model solve a classical NPnP problem to estimate the pose of the camera in relation to the world reference frame.
The problem of recognition, identification, classification and reconstruction of reflecting surfaces has been studied for many years and the approaches used are diverse. In the field of optics (considering reflectance models, polarization, color, photometric characteristics and structured light) there are some reference works like [21] [22] [23] [24] [25] [26] [27] [28] [29] . Savarese and Perona [30] have also formulated this problem by using fully calibrated cameras and studying the properties of a line projected on the mirror. They recover locally the shape of the mirror surface. Other approaches to the problem include stereo or multiple views [24, 31] and a moving observer or moving surfaces [32, 33] .
Closer approaches to the problem include all works in catadioptric cameras, central or not, that use only geometric relations to the calibration, irrespective of the lighting and reflectance model, color, photometric or polarization issues. Calibration algorithms to central catadioptric cameras includes [34] where some geometric invariants are formulated and used to an accurate calibration of the intrinsic parameters. Projection of lines, spheres or a combination of both are used. A similar approach [35] uses the principal point to calibrate a central catadioptric camera using also geometric invariants. Other important work in central catadioptric cameras include [36, 37] .
For non-central catadioptric cameras there are also calibration methods. Micusik and Pajdla [38, 39] have formulated a calibration method for near-central catadioptric cameras using two images in two steps. The first step assumed central projection and find the best suited parameters for the catadioptric system and in the second step the parameters are tuned to fit the non central model. Jeng and Tsai [40, 41] have used the particular case of hyperbolic-shaped mirror and have calibrated them to produce perspective images. Strelow et al. [42] have applied shape from motion to non central cameras. Gonçalves and Araújo have also presented calibration techniques to calibrate non central quadric mirror catadioptric cameras using correspondence between image points and incident light rays in space [43] using an adapted bundle adjustment technique and in [44] they have formulated a calibration technique based on two images and on collinearity of three points in the incident light rays.
We are interested in catadioptric systems with quadric mirrors in which the camera is positioned in an unconstrained position relative to the mirror, thus performing a non central configuration.
Our aim is to estimate the quadric mirror, and the poses of the camera relative to the mirror and to the world reference frame. The approach we present in this paper may or may not use the information from the apparent contour of the quadric (a conic) that may be visible or not. This information improves the method by both allowing for more accurate results (since the algorithm converges more easily to the solution) and also by improving its performance (allowing for a faster convergence). Notice that the apparent contour can be partially visible and one is still allowed to estimate its conic parameters. In the experiments we introduce a study on the influence of the apparent contour in the estimation.
In the next section the problem is stated and formalized, and the notation conventions are defined. The following section III discusses the use of the quadric apparent contour in the image plane in the calibration method and in section IV the nonlinear method is formalized by defining the objective/error function to be minimized. In section V the quadric mirror in its canonical form and the pose of the camera relative to the mirror are estimated from the result of the minimization algorithm (the quadric in camera coordinates). This also provides a means to classify the shape of the mirror. In the following section VI, the experimental tests using both synthetic data and real images are presented and, finally, in section VII a summary and the main conclusions of the work are presented.
II. PROBLEM STATEMENT
Consider now an object in the scene. Consider a set of 3D points P i with known coordinates in the object local reference frame (or in the world reference frame). This reference frame is related to the camera coordinate system by the screw rigid transformation H in such a way that
The location and pose of the object relative to the camera (represented by the 4 × 4 matrix H), is described by three rotations about the coordinate axes (θ X , θ Y and θ Z ) and three translations along the same coordinate axes (t X , t Y and t Z ). See figure 1.
The goal of this paper is to describe a method for the estimation of the quadric surface Q, the pose of the camera relative to the mirror ( T) and the pose of the set of points in the scene relative to the camera (H).
III. APPARENT CONTOUR
The apparent contour of the quadric mirror contains useful information that can be used to estimate the quadric itself. It reduces the uncertainty in the estimation of the quadric elements.
As stated in [45] , under the camera matrix P the conic C back-projects to the cone As a result it can be seen that the cones represented in equations 3 and 5 are projectively equivalent. That means that the following equations can be written: 
where
These equations define five of the quadric mirror parameters as function of the other five, as a function of the intrinsic parameters of the camera and also as a function of the conic that represents the quadric apparent contour.
IV. NONLINEAR CALIBRATION OF THE CATADIOPTRIC CAMERA
The aim of this paper is to provide an algorithm to calibrate the mirror, its pose relative to the camera and the pose of the camera relative to 3D world coordinates. We assume that the intrinsic parameters of the perspective camera are known as well as the local structure of the 3D calibration scene points.
If the apparent contour (which is a conic in the image plane) of the quadric surface mirror is visible in the image it is possible to estimate its five independent parameters using at least five points (see for instance [45] ). This conic is the 3 × 3 C matrix in equation 3 and since the intrinsic parameters K are known, the back-projected cone from the apparent contour of the mirror is known. On the other hand, this cone is projectively equivalent to the cone given by equation 5,
providing the five equations 7 that are used in our method.
Additionally, as the quadric has nine degrees of freedom instead of the ten which is the number of parameters q ij , the scale factor can be fixed if the value for one of parameters is arbitrarily chosen. We may choose for instance q 11 = 1 (however any other value or any other parameter can be chosen) which reduces the number of unknowns and also removes the scale factor ambiguity.
The algorithm we propose starts from an initial guess for all the ten unknown parameters (four for the quadric Q cam -(q 14 , q 24 , q 34 and q 44 ) and six for the screw H -three translations and three rotation angles).
Consider the set of image points p i and their corresponding 3D coordinates P i in the local coordinate system of the calibration object. These 3D points have coordinates in the camera coordinate system given by HP i . Back projecting image points to incident lines in space by using geometric optics is trivial (see for instance [38] ) and gives a line L i for each image point of the set being considered.
The distance of a 3D point P to a line in space (defined by two points A and B) is given by the following equation:
where A, B and P are expressed in inhomogeneous coordinates.
If the quadric Q cam and the transformation between the camera system and the local object system H are correct, points HP i belong to the lines L i . However, in a wrong configuration, the lines will not pass through the 3D points HP i . Thus, the distances between these points and the lines L i can be added to define the objective function to be minimized by any non-linear optimization method.
Once estimated, the three rotation angles and the three translations can be used to compute the transformation matrix H easily. This step is straightforward.
Although, uniqueness of the solution is not proved, in experiments it is in general achieved.
V. QUADRIC POSE ESTIMATION
In this section we describe how the quadric in its canonical form and its pose relative to the camera can be estimated starting from the quadric matrix computed in the camera coordinate frame.
The general quadric can be described by a 4 × 4 symmetric matrix Q cam such that X T Q cam X = 0 holds for all points on the quadric surface (where X is the vector of the homogeneous coordinates of a surface point). Due to symmetry the quadric has ten coefficients and nine degrees of freedom.
If the quadric parameters q 11 to q 44 are computed using some known world structure (as stated by the previous sections) the corresponding quadric matrix can be diagonalized in such a way as to specify a change of coordinates transforming the quadric into its canonical form. That means that the coordinate transformation between the camera and the quadric coordinate frames can be estimated. As a result the misalignment between the camera and the mirror can be estimated. In [46, 47] an alternative form to convert the quadric into its canonical form is proposed, using block diagonalization [48, 49] . However this method does not constrain the point transformation to be rigid as required in our case.
Consider a rigid transformation T made up by a rotation matrix R (3 × 3) and a translation vector t and the quadric mirror in its reduced form given by equation 1. These matrices can be written in the form:
The generic quadric in the camera coordinate system (Q cam ) is obtained through the application of the rigid transformation of the quadric Q by T. The relationship is Q cam = T T QT. This equation can be expanded to obtain the following expression:
The goal is to estimate linearly the rigid transformation T and the quadric in its canonical form Q, starting with the knowledge of the quadric Q cam . This estimation is impossible since there are more unknowns (twelve for the transformation and nine for the quadric) than equations. However, some constraints on the quadric Q allow the recovery of both T and Q. The quadric mirror for the most general mirrors can also be expressed in the simpler form:
and so Q 3 is a diagonal matrix whose first two diagonal elements are unitary and q is a 3-vector whose first two components are zero. The mirrors that we wish to study are paraboloids, hyperboloids, ellipsoids and spheres. The constraints that the parameters must satisfy are: for paraboloids (C = 0; A = 0),for ellipsoids (B = 0),for hyperboloids (A < 0; C < 0) and for
. By changing the coordinates in the Z axis for hyperboloids and spheres, the additional constraint B = 0 can be applied. It can be seen that the parameter B is non zero only for paraboloids and zero for all other mirror types and also that in the former case the parameter A is zero. We thus have: 
where P ijk is a permutation matrix possibly necessary to order the eigenvalues in the diagonal.
Substituting equation 12 into the equation of Q 3 cam it then holds that:
which gives the estimates for the rotation matrix and the first 3×3 block of the quadric, where since the quadric is rotationally symmetric, the first two diagonal elements are equal and can be made, by scaling, equal to 1. For the remaining unknowns (translation vector t and q 44 ), the elements q cam e q 44 cam are used.
However, different analysis are made for hyperbolic, elliptic and spherical mirrors and for parabolic mirrors. Consider now the first mirror type in which case q = 0 T . Therefore:
and
which completes the estimation of the pose of the camera relative to the quadric mirror for hyperbolic, elliptic and spherical mirrors.
Consider now the case of parabolic mirrors in which case B = 0 and A = 0; C = 0. In this case the diagonal matrix Q 3 has only two nonzero elements and so its identification is easy. Expanding now the elements of q cam the following three linear equations are obtained: 
and finally, expanding the equation for q 44 cam , the equation to estimate the last unknown is:
since q 44 = 0.
We have therefore shown that it is possible to recover linearly the pose of the mirror relative to the camera and the misalignment of both (as long as the quadric matrix is known in the camera coordinate system).
VI. EXPERIMENTAL RESULTS
In this section we show the usefulness of the method described by applying it to synthetic data and also to real images. We estimate the quadric that describes the mirror surface, its pose relative to the camera and the pose of the camera relative to the world reference frame.
We start by presenting the results with synthetic data. Two different camera/mirror configurations are considered: a perspective camera with a spherical mirror with a 37.5mm radius (the camera and the mirror are not aligned) and an orthographic camera with a parabolic mirror in a paracatadioptric configuration (the axis is aligned with the mirror).
The algorithm tries to minimize the error function using two known minimization methods that are combined: a genetic algorithm and the simplex Nelder-Mead method. Successive runs of both methods, one at a time, led to solutions.
Convergence was tested in two different cases. In the first case we added some noise (gaussian distribution with zero mean) to the ground truth values. The algorithm was then run until one of the stopping conditions was achieved: (1) the error was smaller than a tolerance value (1e-5); (2) a predefined maximum elapsed time was reached and (3) unchanged error value for a predefined time interval (local minimum).
In the second case we start the experiment by using a random vector as the initial values for the parameters to be estimated. We performed several runs of the algorithm, usually between 10 and 100, using different random starting values and in general when the stopping conditions are met the estimates obtained are close to the optimal values. Next, these results are used to rerun the genetic algorithm as starting chromosomes. The algorithm was iterated until one of the stopping conditions was met.
We noticed no difference between the results in both tests. This indicates that the convergence is in general obtained irrespective of using or not values close to the ground truth. As it can be seen from the results with synthetic data, the quadric in the camera coordinates Q cam (which integrates both the quadric Q in the canonical form and the pose T) and the pose H are estimated accurately. The estimates for the actual values of Q and T are not computed for synthetic data since the equations presented are in closed form and their values are highly accurate.
They are however computed in the experiments with real images.
In the experiments with real images, we present the results obtained with a non-central catadioptric camera made up by a perspective camera and a spherical mirror. The same camera is also used in a hyperbolic configuration. The camera used was a commercial CANON EOS 350D with image size 3456x2304. The spherical mirror has a radius of 37.5mm. The systems were previously calibrated using a two step algorithm by first estimating the perspective camera parameters and then calibrating the mirror. The mirrors were not perfectly aligned with the camera. Figure 2 displays an image acquired by both cameras.
The calibration object used to calibrate the camera and to test the algorithm can be planar or non-planar. Non-planar calibration objects usually yield better calibration results since their nonplanar structure inherently provides additional information. However, tests performed with planar patches proved to provide estimates with good accuracy. Planar patterns have the advantage of simplicity. We chose to use non-planar objects in the experiments with the spherical mirror tests and planar patterns in the experiments with the hyperbolic mirror.
First we present the results concerning the spherical mirror configuration. Since in the case of hyperbolic mirror the apparent contour of the quadric mirror is not visible (because the mirror is a hyperboloid cut by a plane) we present the results without using the apparent contour information.
As in the case of synthetic data, the accuracy of the method is tested in two ways namely by using For the hyperbolic mirror, the results for the estimates of the quadric mirror parameters and for its pose relative to the camera are presented in table VIII.
It should be remarked that the experimental results show that a good estimate for the conic corresponding to the apparent contour of the mirror is very important for the accuracy of the results. This is the most sensitive set of parameters and small errors in their values cause high errors in the estimation of all the other parameters.
Reprojection error

In order to have an exact idea of how erroneous is the estimation and what implications it does
have in the calibrated model, we reproject the 3D points to the image and compare the actual and recomputed pixel locations. Figure 3 shows some cases of reprojected points and the actual pixels, using some results obtained with the spherical mirror, with and without the apparent contour information.
Table IX presents some additional cases and the sum and average errors per pixel. Table IX presents results obtained with all the spherical mirror data (contour and no contour) and with the hyperbolic mirror. The corresponding amplitude and angle error of the estimated state vector is presented.
As seen in table IX, the reprojection error per pixel grows with the error in the estimated values (the poses of the camera relative to the mirror and to world reference frame and also the mirror parameters).
VII. SUMMARY AND CONCLUSIONS
In this paper we presented a method to calibrate catadioptric camera systems made up by a perspective or orthographic camera (whose internal parameters are considered to be known) and a curved mirror whose shape is mathematically expressed by a non-degenerate quadric (includes spheres, hyperbolic, parabolic and elliptic mirrors). The method requires the knowledge of the intrinsic parameters of the camera and also local world calibration information (for instance distances in a calibration pattern).
The method allows the use of the apparent contour of the mirror (which is a conic) to constrain the quadric mirror and its pose relative to the camera and then applies a nonlinear iterative minimization method to match some back projected pattern points to a 3D grid. This method first estimates the pose of the camera relative to the world reference frame and the quadric mirror in camera coordinates. In the second step, using closed form expressions, it estimates the camera in its canonical form and its pose.
Experimental results showed that the method is accurate both with synthetic data and with real images, even when the initial estimates (required by the non-linear optimization procedure) are completely random, specially if the apparent contour is used. It was also concluded that the estimation of the conic parameters corresponding to the mirror apparent contour is critical to the accuracy of the results.
Future directions of this work include quantization of the error propagation from the estimates of parameters of the conic of the apparent contour to the results. 
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• Figure 1 -Coordinate systems of the camera, world and mirror and their relative positions.
• Figure 2 -Real images used.
• Figure 3 -Reprojection in the image of the 3D points. The left column presents results obtained using the apparent contour and the right column the results obtained without using of the contour. In (a)-(b) the initial estimate is the ground truth vector with gaussian noise added, with standard deviation of 50% of the actual value, in (c)-(d) the initial estimate is a random vector between 0 and 1 (0 → 100% of the actual value) and in (e)-(f) the initial estimate is a random vector between -1 and 1 (−100% → 100% of the actual value).
